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Abstract
We studied the three dimensional Thirring model in the limit of infinite number of flavors at
finite temperature and density. We calculated the number density as a function of temperature and
the density at zero temperature serves as a relevant parameter. A three dimensional free fermion
gas behavior as the density at zero temperature approaches zero smoothly crosses over to a two
dimensional free fermion gas behavior as the density at zero temperature approaches infinity.
∗ A joyous exercise using polylogarithms and related special functions performed in isolation.
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I. INTRODUCTION AND SUMMARY
The three dimensional Euclidean (two spatial and one thermal) Thirring model with
N flavors of two-component fermions would have been deemed non-renormalizable by a
standard power counting argument but it has been shown to be renormalizable in a 1
N
expansion [1–5]. Recently, this strongly coupled theory has been extensively studied to
explore the possibility of mass generation [6–20]. With the possible exception of the N = 1
model, a spontaneous generation of mass is most likely ruled out. A numerical analysis of
QED in three dimensions has also resulted in similar observations [21–25] but monopoles
present in QED can become relevant [26].
In this paper, we explore the relevance of the Thirring coupling in the large N limit at
finite temperature and density. We consider only the massless theory owing to the previous
analysis of spontaneous mass generation. The physics at zero temperature has been briefly
sketched out in [27]. The effective action in the large N limit after introducing the standard
vector auxiliary field is complex for a non-zero chemical potential and this leads us to perform
a saddle point analysis. There are several saddle points at a fixed chemical potential and
temperature but we will provide a graphical proof that only one particular saddle point
dominates all all values of chemical potential and temperature.
Let T and µ stand for the temperature and chemical potential measured in units of
inverse of the Thirring coupling per flavor, λ. We will show that the number density at zero
temperature in units of λ is
n0 = µ+ 2pi
(
1−
√
1 +
µ
pi
)
, (1)
and can be used to set the chemical potential. The relevance of the Thirring coupling is
already seen by noticing that the number density at zero temperature smoothly crosses over
from µ
2
4pi
as µ → 0 to µ as µ → ∞. Defining a reduced temperature by T = √4pin0t and
writing the number density as a function of temperature as n¯(n0, t)n0, we will show that
n¯(n0, t) is the solution to
n¯(n0, t) = 8t
2r2
(
1 +
√
n0
4pi
[1− n¯(n0, t)]
2t
, 0
)
, 1 ≤ n¯(n0, t) ≤ 1 +
√
4pi
n0
; (2)
where
r2(u, θ) =
pi2
24
+
u2
2
− θ
2
2
+
∞∑
k=1
(−1)k
(
e−2ku
)
cos(2kθ)
2k2
; u > 0; −pi
2
≤ θ < pi
2
. (3)
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FIG. 1: Number density as a function of temperature for different choices of density at zero
temperature.
This result for the number density is plotted as a function of temperature in Figure 1 and
shows that it smoothly crosses over from a three dimensional free fermion gas as n0 → 0 to
a two dimensional free fermion gas as n0 →∞.
The rest of the paper is organized as follows. We set up our notation for the three
dimensional Thirring model and arrive at the saddle point equations in the limit of N →∞
in Section II. The saddle point that dominates at all chemical potential and temperature is
analyzed in Section III to obtain the main results stated above. Due to the involved inter-
dependencies of the different saddle points at a fixed temperature and chemical potential,
we revert to a graphical analysis in Section IV to show that the saddle point discussed in
3
Section III dominates at all chemical potential 1.
II. THE THREE DIMENSIONAL CONTINUUM THIRRING MODEL
The action for the continuum Thirring model in three Euclidean dimensions is given by
S(ψ¯i, ψi;λ) =
∫
d3x
N∑
i=1
ψ¯iD(µ)ψi +
1
2Nλ
∫
d3x
3∑
k=1
(
N∑
i=1
ψ¯iσkψi
)2
, (4)
where
D(µ) =
3∑
k=1
σk∂k + σ3µ (5)
is the Dirac operator acting on a two-component fermion in a `2 × β periodic box and µ
is the chemical potential. The fermions obey periodic boundary conditions in the spatial
directions and anti-periodic boundary conditions in the thermal direction. Upon introduc-
tion of a vector auxiliary field, Vk(x), to replace the four-fermi interaction and a subsequent
integration of the fermions results in
S(Vk, λ) = N
[
λ
2
(∫
d3x
∑
k
V 2k
)
− ln det(D(Vk))
]
; (6)
where
D(Vk) =
2∑
k=1
σk(∂k + iVk) + σ3µ (7)
With Vk → −Vk and xk → −xk, we see that µ→ −µ. Therefore, it is sufficient to consider
a positive value for the chemical potential in our analysis.
Assuming translational invariance to hold in the large N limit, we will analyze the action
per flavor with the auxiliary field restricted to constants,
V1(x) =
2pih1
`
; V2(x) =
2pih2
`
; V3(x) =
2pih3
β
. (8)
The minimum will occur at h1 = h2 = 0 in the `→∞ limit. One can use standard formulas
in [28] to perform the sum over momentum in the β direction and the resulting action density
(per unit spatial volume) per flavor is
S(h3;T, µ) = 2pi
2Th23 −
2T 2
pi
∫ ∞
0
dx x ln
4 cosh
(
x+ ipih3 +
µ
2T
)
cosh
(
x− ipih3 − µ2T
)
e2x
(9)
1 Much ado about nothing – William Shakespeare.
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The integration variable is related to the spatial momentum by x = βp
2
= p
2T
and we have
set T and µ in units of λ.
The action density is complex and we will perform a saddle point analysis. We elevate
(2pih3) to a complex variable z = γ + i
δ
T
and define
ω = u+ iθ; u =
µ− δ
2T
; θ ∈
[−pi
2
,
pi
2
]
; z = −2i
(
ω − µ
2T
+ inpi
)
; n ∈ I. (10)
The action density can be written in terms of polylogarithms [29] as
S(n, ω;T, µ) = Sb(n, ω;T, µ) + Sf (ω;T, µ); (11)
Sb(n, ω;T, µ) = −2T
(
ω − µ
2T
+ inpi
)2
; Sf (ω;T, µ) =
T 2
2pi
[
Li3
(−e2ω)+ Li3 (−e−2ω)] .
(12)
The partition function is given by
Z(T, µ) =
∞∑
n=−∞
∫ ipi
2
− ipi
2
dωe−N`
2S(n,ω;T,µ). (13)
The saddle points are given by dS(n,ω;T,µ)
dω
= 0 which we will label by ωn or (θn, δn) with the
possibility that more than one saddle point exist at a fixed n.
The number density per flavor is given by
n(T, µ) =
T
`2N
d lnZ(T, µ)
dµ
= − 1
2Z(T, µ)
∞∑
n=−∞
∫ ipi
2
− ipi
2
dω
dSf (n, ω;T, µ)
dω
e−N`
2S(n,ω;T,µ)
= − 1
2Z(T, µ)
∞∑
n=−∞
∫ ipi
2
− ipi
2
dω
(
4T
(
ω − µ
2T
+ inpi
)
+
dS(n, ω;T, µ)
dω
)
e−N`
2S(z;T,µ).
(14)
A. Equations for saddle points
The complex valued equation for the saddle point using polylogarithm identities is
µ
2T
= ωn + inpi +
T
4pi
[
Li2
(−e−2ωn)− Li2 (−e2ωn)]
=

piT
24
+ ωn + inpi +
T
2pi
ω2n +
T
2pi
∑∞
k=1(−1)k e
−2kωn
k2
; un > 0
−piT
24
+ ωn + inpi − T2piω2n − T2pi
∑∞
k=1(−1)k e
2kωn
k2
; un < 0
. (15)
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For the purpose of analysis, we separate the above equation into its real and imaginary
part as
pi(θn + npi)
T
= r1(|un|, θn) = −|un|θn +
∞∑
k=1
(−1)k e
−2k|un| sin(2kθn)
2k2
;
piµ
2T 2
=
un
|un|
[
pi|un|
T
+ r2(|un|, θn)
]
r2(|un|, θn) = pi
2
24
+
u2n
2
− θ
2
n
2
+
∞∑
k=1
(−1)k
(
e−2k|un|
)
cos(2kθn)
2k2
. (16)
The real and imaginary parts of the action density needed to study the dominance of one
saddle point over another are
SbR(n, θ, δ;T, µ) = 2T (θ + npi)
2 − δ
2
2T
SfR(θ, δ;T, µ) =
2T 2
pi
[
|u|
(
θ2 − pi
2
12
)
− |u|
3
3
+
∞∑
k=1
(−1)k e
−2k|u| cos(2kθ)
2k3
]
SbI(n, θ, δ;T, µ) = 2δ(θ + npi)
SfI (θ, δ;T, µ) = −
u
|u|
2T 2
pi
[
θ3
3
− pi
2θ
12
+ u2θ +
∞∑
k=1
(−1)k e
−2k|u| sin(2kθ)
2k3
]
. (17)
Referring to Eq. (A3), we note that the derivative of r1(|u|, θ) with respect to θ at θ = 0
is negative. The derivative can become zero at most once for |θ| < pi
2
, if |u| < u0 = 12 ln 3+
√
5
2
.
Referring to Eq. (A1), we conclude that r1(|u|, θ) is positive for −pi2 ≤ θ < 0 and negative
for 0 < θ ≤ pi
2
. There is always a saddle point with n = 0 and it has θ0 = 0. For n 6= 0,
the saddle point, if one exists, will be in the region −pi
2
≤ θn < 0 if n > 0 and will be in the
region 0 < θn ≤ pi2 if n < 0.
Assuming the saddle point at n = 0 dominates, the result for the number density will be
n(T, µ) = δ0. (18)
Let us assume we have a solution to the saddle point equations given by (θn, δn) with n > 0.
Since
r1(|un|,−θn) = −r1(|un|, θn); r2(|un|,−θn) = r2(|un|, θn), u−n = un (19)
we can conclude that (θ−n, δ−n) = (−θn, δn) is a saddle point with −n < 0. It follows from
Eq. (17) that
SR(n, θn, δn;T, µ) = SR(−n, θ−n, δ−n;T, µ); SI(n, θn, δn;T, µ) = −SI(−n, θ−n, δ−n;T, µ).
(20)
6
If this pair of saddle points were to dominate over the solitary one at n = 0, the number
density will be
n(T, µ) = δn − 2(θn + npi)T tan[N`2SI(n, θn, δn;T, µ)] (21)
which does not have a smooth N →∞ limit.
III. ANALYSIS ASSUMING THE SADDLE POINT AT n = 0 DOMINATES
The only equation is
piµ
2T 2
=
u0
|u0|
[
pi|u0|
T
+ r2(|u0|, 0)
]
. (22)
Referring to Eq. (A2), we have r2(|u0|, 0) > 0 which results in
u0 > 0; δ0 =
2T 2
pi
r2
(
µ− δ0
2T
, 0
)
. (23)
Rewriting the saddle point equation as
µ
T 2
− 2u0
T
=
2
pi
r2(u0, 0); u0 =
µ− δ0
2T
> 0. (24)
we see there is one and only one solution for u0 such that 0 ≤ u0 ≤ µ2T (0 ≤ δ0 ≤ µ). Using
Eq. (A3),we obtain
∂δ0
∂T
=
2T
pi
2r2(u0, 0) + u0d1(u0, 0)
1− T
pi
d1(u0, 0)
. (25)
We note from Eq. (A2) and Eq. (A3) that
d1(u0, 0) < 0; 2r2(u0, 0) + u0d1(u0, 0) = u0 ln(1 + e
−2u0) + 4
∫ u0
0
dx
x
1 + e2x
> 0. (26)
Therefore we conclude that ∂δ0
∂T
> 0 and δ0 is a monotonically increasing function of temper-
ature at a fixed chemical potential.
Assuming that the saddle point at n = 0 dominates at all chemical potential and tem-
perature, the number density is given by n = δ0. Since
lim
T→0
2T 2
pi
r2(u0, 0) =
(µ− δ0)2
4pi
. (27)
the saddle point equation as T → 0 is
n0 =
(µ− n0)2
4pi
, (28)
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which results in the number density at T = 0 to be
n0 = µ+ 2pi
(
1−
√
1 +
µ
pi
)
. (29)
We can trade the chemical potential for n0 using
µ = n0 +
√
4pin0. (30)
To see the relevance of the Thirring coupling, we define a reduced temperature by T =
√
4pin0t and write the number density at any temperature as [n¯(n0, t)n0], noting that n¯ will
depend on n0 in addition to t. It is this dependence that shows the relevance of the Thirring
coupling. Referring to Eq. (23) and Eq. (30) we arrive at
n¯(n0, t) = 8t
2r2
(
1 +
√
n0
4pi
[1− n¯(n0, t)]
2t
, 0
)
. (31)
One can either use Eq. (16) or Eq. (A2) and see that the above equation reduces to a
free fermion behavior in three dimensions as n0 → 0. Using Eq. (A2) and Eq. (24), the
asymptotic behavior in t at a fixed n0 is
n¯(n0, t) = 1 +
√
4pi
n0
−
pi
(
1 +
√
4pi
n0
)
(ln 2)
√
4pin0
1
t
+O(t−2). (32)
Since the number density monotonically increases with temperature at a fixed n0, it is
bounded by
1 ≤ n¯(n0, t) ≤ 1 +
√
4pi
|n0| (33)
The density does not change with temperature in the limit n0 → ∞ and this is the free
fermion behavior in two dimensions. The sub-leading term for small t is
n¯(n0, t) = 1 +
pi2
3
1
1 +
√
n0
pi
t2 +O(t3). (34)
A plot of n¯(n0, t) as a function of t has already been shown in Figure 1 at several different
values of n0 to demonstrate the crossover from three dimensional free fermion behavior as
n0 → 0 to two dimensional free fermion behavior as n0 →∞.
IV. NON-DOMINANCE OF THE SADDLE POINTS AT n 6= 0
We will only consider n > 0 since we have shown at the end of Section II A that saddle
points at n and (−n) are paired. Then every solution has to satisfy −pi
2
≤ θn ≤ 0. We will
8
fix the temperature and use θn instead of chemical potential since it is more convenient from
the viewpoint of solving the saddle point equations. We will graphically demonstrate the
non-dominance of the saddle points at n 6= 0 by defining
∆(n, θn, T ) =
SR(n, θn, δn(θn);µ(θn), T )− SR(0, 0, δ0(θn);µ(θn), T )
2Tn2pi2
(35)
and showing that it remains positive at all n, T and allowed values of θn ∈
[−pi
2
, 0
]
. To this
end we will use the following steps:
1. We will show that µ→∞ as θn → 0 at all temperatures.
2. There exists a temperature T0(n) above which a certain region given by −pi2 < θl(T ) <
θn < θr(T ) < 0 has no solution to the saddle point equations. The chemical potential
will monotonically increase from 0 to ∞ as θn increases from θr(T ) to 0 and it will
monotonically increase from 0 to a finite non-zero value as θn decreases from θl(T ) to
−pi
2
. Furthermore, θl(T0(n)) = θr(T0(n)) = θ0(n).
3. There exists a temperature T1(n) below which the chemical potential will monoton-
ically decrease from ∞ to a finite non-zero value as θn decreases from 0 to −pi2 . In
other words there will be a region of chemical potential given by 0 ≤ µ < µ1(T ) for
which there is no solution to the saddle point equations. Furthermore, µ1(T1(n)) = 0.
4. We will explicitly study the case of zero temperature and the case of zero chemical
potential.
5. Even though ∆(n, θn, T ) will not be monotonic in θn at a fixed n and temperature, it
reaches an absolute minimum at θ = −pi
2
at all n and temperatures. We will study
∆
(
n,−pi
2
, T
)
as a function of T and show that the minimum at each n is larger than
zero for all n.
A. θn → 0− ⇒ µ→∞:
Keeping terms to relevant orders in θn and using Eq. (A3), the first equation in Eq. (16)
results in
|un| = −npi
2
Tθn
− pi
T
+O
(
e
1
θn
)
. (36)
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Inserting this into the second equation in Eq. (16) results in
un > 0; µ =
n2pi3
θ2n
+
piT 2
12
− pi +O(θ2n). (37)
If we use the diverging chemical potential with the leading correction into Eq. (24), we find
that u0 = un up to the two correction terms. Therefore, we arrive at
∆(n, 0−, T ) = 1, (38)
and the saddle point at n = 0 dominates as µ→∞ for all values of temperature.
B. T0(n):
Noting that d2(|u|, θ) > 0 for −pi2 < θ < 0, the right hand side of the first equation in Eq.
(16) monotonically increases with |u| at a fixed θ. Therefore, at every value of θ, the lowest
value of the right hand side is given by r1(0, θ). If the temperature is above a certain value,
we will have a region of θ where there is no solution to the first equation in Eq. (16). This
transition temperature is the solution to
pi
T0(n)
(θ0(n) + npi) = r1(0, θ0(n));
pi
T0(n)
= − ln[2 cos θ0(n)], (39)
which results in
θ0(1) = −0.372690809 pi; θ0(2) = −0.350144201 pi; θ0(5) = −0.339555189 pi
T0(1) = 12.563174152; T0(2) = 2× 16.123729198; T0(5) = 5× 18.139848147; (40)
and
θ0(∞) = pi
3
; lim
n→∞
T0(n)
n
=
pi2
r1
(
0, pi
3
) = 19.448615248. (41)
Since un = 0 at this temperature, T0(n), and θ0(n) we have r2(0, θ0(n)) = 0 and µ = 0 at
this point.
After fixing the temperature, we choose a θn in the allowed region and solve for |un|
using the first equation in Eq. (16) and then solve for the chemical potential using the
second equation. Referring to Eq. (A3), we note that d2(|u|, θ) remains non-negative in
−pi
2
≤ θn ≤ 0 and we conclude that r2(|u|, θ) is a monotonically increasing function in
−pi
2
≤ θn ≤ 0. Since we are only considering µ > 0, we can conclude from the second equation
10
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FIG. 2: The action at the n = 5 saddle point is taken as a typical example since it has all the
features for a generic n and it is compared with the n = 0 saddle point to show that the n = 0
saddle point dominates at all temperatures and chemical potential. This plot shows the comparison
at some specific values of temperature and also at zero chemical potential.
in Eq. (16) that un > 0 if
[
pi|un|
T
+ r2(|un|, θn)
]
> 0 and un < 0 if
[
pi|un|
T
+ r2(|un|, θn)
]
< 0.
Furthermore, we can have a solution to the saddle point equations with n > 0 and µ = 0
only if
[
pi|un|
T
+ r2(|un|, θ)
]
= 0. We have used n = 5 as a typical value of n and plotted
∆ (5; θ5, T0(5)) as a blue curve in Figure 2. We see it remains positive in the entire range of
θ5 showing that the saddle at n = 0 dominates over n = 5 at T0(5).
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C. T1(n):
Consider moving down from θn = 0. Noting that un is positive to start with and noting
that d2(|u|, θ) is positive in −pi2 ≤ θn ≤ 0, we conclude from Eq. (A5) that µ decreases as θn
moves down from zero as long as un remains positive. At θn = −pi2 , the first equation in Eq.
(16) reduces to
|un| = (2n− 1)pi
T
(42)
and the condition for
[
pi|un|
T
+ r2
(|un|,−pi2 )] to remain positive is
pi2
T 2
(4n2 − 1)− pi
2
6
+
∞∑
k=1
e−
2(2n−1)kpi
T
k2
> 0. (43)
This gives the condition for µ = 0 to occur for T > Tn(n) with
T1(1) = 4.654727000; T1(2) = 2× 4.987847524;
T1(5) = 5× 5.044788571; lim
n→∞
T1(n)
n
= 5.028967463. (44)
We have plotted ∆ (5; θ5, T1(5)) as a red curve in Figure 2. We see it remains positive in the
entire range of θ5 showing that the saddle at n = 0 dominates over n = 5 at T1(5).
D. T = 0:
Let us consider the limit T → 0. The two saddle point equations in Eq. (16) sequentially
result in
lim
T→0
T |un| = −pi(θn + npi)
θn
; lim
T→0
T 2
[
pi|un|
T
+ r2 (|un|, θn)
]
=
pi2(n2pi2 − θ2n)
2θ2n
> 0; (45)
and we obtain
µ =
pi(n2pi2 − θ2n)
θ2n
; δn =
pi(θn + npi)
2
θ2n
. (46)
With this choice of µ, the saddle point solution with n = 0 is given by
lim
T→0
Tu0 = −pi(θn + npi)
θn
; δ0 =
pi(θn + npi)
2
θ2n
, (47)
and we conclude
∆(n, θn, 0) = 1 +
θn
npi
. (48)
We have plotted ∆(5, θ5, 0) for reference in Figure 2 as a brown line.
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E. µ = 0:
If T > T1(n) we have a saddle point solution with µ = 0 and n > 0. Setting µ = 0, we
first note by referring to Eq. (23) that the saddle point with n = 0 corresponds to u0 = 0
and therefore δ0 = 0 and the real part of the action at the n = 0 saddle point is (referring
to Eq. (17))
SR(0, 0, 0; 0, T ) =
2T 2
pi
∞∑
k=1
(−1)k
2k3
= −3ζ(3)
4pi
T 2. (49)
Referring to Eq. (16), the solution to the saddle points at n > 0 is given by
f(|un|, θn) = |un|r1(|un|, θn) + (θn + npi)r2(|un|, θn) = 0. (50)
Viewing the above equation as a function of |un| at a fixed θn we note that |un| = 0 is a
solution to the above equation. In this case, δn = 0 and the temperature as a function of θn
from the first equation in Eq. (16) is
Tn(θn) =
pi(θn + npi)
r1(0, θn)
, (51)
and
∆(n, θn, Tn(θn)) = [
θn
npi
+ 1]2 +
Tn(θn)
2n2pi3
Jf (θn); Jf (θ) =
∞∑
k=1
(−1)k cos(2kθ)− 1
k3
. (52)
Noting that
Jf
(
−pi
2
)
=
7ζ(3)
4
> 0; Jf (0) = 0. (53)
and noting that
dJf (θ)
dθ
= 2Cl2(pi − 2θ) ≤ 0, (54)
where Cl2 is the Clausen function of order 2, we conclude that Jf (θ) is non-negative in
−pi
2
< θn < 0. Therefore, these saddle points at n > 0 and µ = 0 do not dominate over
n = 0. We have plotted ∆(5, θ5, T ) for µ = 0 and δ5 = 0 as a red curve in Figure 2. Note
that the divergence in ∆(5, θ5, T ) as θ5 → −pi2 can be seen from Eq. (52) and Eq. (53).
There is another solution to Eq. (50) with |un| > 0 if T1(n) < T < T0(n) and θn < θ0(n).
To see this note that the derivative of Eq. (50) with respect to |un| gives us
∂f(|un|, θn)
∂|un| = r1(|un|, θn) + |un|d2(|un|, θn)− (θn + npi)d1(|un|, θn). (55)
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FIG. 3: The top plot shows that the difference between T = 0 and T = T1(5) is bounded by the
two extremes. The bottom plot shows that the difference between T = T1(5) and T = T0(5) moves
smoothly from one end to the other but there is a temperature in between the two ends where
the difference is smallest as a function of θn. On the other hand, the difference for T > T0(5) is
bounded from below by T = T0(5).
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The first two terms are positive in the range −pi
2
< θn < 0. Furthermore, d1(|un|, θn) is
positive only if −pi
2
< θn < −pi6 . We can see that f(0, θn) = 0 and f(|un|, θn) goes as[
npi−θn
2
u2n
]
as |un| → ∞. If ∂f(0,θn)∂|un| > 0 the only solution to Eq. (50) is |un| = 0. The condition
for ∂f(0,θn)
∂|un| = 0 is the same as Eq. (39) and therefore we conclude that −pi2 < θn < θ0(n) for a
solution to Eq. (50) to exist with |un| 6= 0. We have plotted ∆(5, θ5, T ) for µ = 0 and δ5 6= 0
as a black curve in Figure 2 and it meets the red curve at θ0(5). Note that the temperature
along the black curve changes from T = T1(5) at θ5 = −pi2 to T = T0(5) at θ5 = θ0(5). A
generic feature of the curves shown in Figure 2 is the intersection of the black curve (µ = 0
and δ5 6= 0) with the green curve (T1(5)) at a value of θn away from −pi2 . The temperature
and chemical potential on the two curves at the intersection point are different but yield the
same value for ∆(n, θn, T ).
F. Analysis at θn = −pi2 :
The two plots in Figure 3 shows the behavior of ∆(5, θ5, T ) as a function of θ5 over
the entire range of T . For T < T1(n), we find a solution in the entire range of θn with µ
monotonically increasing from a positive finite value at θn = −pi2 to a divergence at θn = 0.
The grey points in the top plot of Figure 3 shows ∆(1, θ1, T ) for T < T1(n) and all points
lie between the line at T = 0 and T = T1(1) and moves continuously from one to the other
as T changes. For T1(n) < T < T0(n), we again find a solution in the entire range of θn.
But we find a θ0(T ) at which µ = 0. The chemical potential monotonically decreases from
a positive finite value at θn = −pi2 to zero at θn = θ0(T ) and then monotonically increases
to a divergence at θn = 0. Furthermore, θ0(T1(n)) = −pi2 and θ0(T0(n)) = θ0(n). These
features are shown in the bottom plot of Figure 3. The curves for ∆(5, θ5, T ) at a fixed T in
T1(5) < T < T0(5) are shown by violet points. Note that there is a range of T starting from
T1(5) where the curve intersects the black curve (µ = 0 and δ5 6= 0) at two points. Only one
of the intersection points has the same temperature and chemical potential. Initially, it is
the intersection point closer to θ5 = −pi2 till the violet curve is tangential to the black curve.
After that, the intersection point closer to θ0(5) is where the temperature and chemical
potential matches. For T > T0(5), there will be a solution only if θ5 does not belong to the
interval (θl(T ), θr(T )) which can be obtained by setting the left hand side to T in Eq. (51).
The chemical potential will monotonically decrease from a positive finite value at θn = −pi2 to
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FIG. 4: The difference in the action between n > 0 and n = 0 at θn = −pi2 is plotted as a function
of T/T1(n).
zero at θl(T ) and then monotonically increase from zero at θr(T ) to a divergence at θn = 0.
These features are also shown in the bottom plot of Figure 3 and we see that ∆(5, θ5, T ) for
T > T0(5) shown by cyan points lies above the curve at T = T0(5) and has two parts. The
boundary of the two parts is the red curve with µ = 0 and δ = 0.
The graphical analysis discussed before specifically for n = 5 enables us to conclude that
∆(5, θ5, T ) reaches a minimum at θ5 = −pi2 at any fixed temperature. We therefore plot
∆(n,−pi
2
, T ) as a function of T for n = 1, 2, 5, 10, 50 in Figure 4. The minimum occurs very
close to T = T1(1) but moves to a higher temperature with respect to T1(n) as n is increased.
The global minimum occurs at a finite value of T/T1(n) even as n → ∞. This plot along
with the analysis done specifically for n = 5 in Figure 2 and Figure 3 serves to graphically
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prove our main point – the saddle point at n = 0 dominates at all chemical potential and
temperature.
V. CONCLUSIONS
We have studied the three dimensional (two spatial and one thermal) Euclidean Thirring
model at finite temperature and chemical model in the limit of infinite number of flavors
and our aim was to understand the relevance of the Thirring coupling. The effective ac-
tion is complex and we had to perform an extensive graphical analysis to show that one
particular saddle point dominates over all other possible saddle points at all chemical po-
tential and temperature. The relevance of the Thirring coupling is seen in the dependence
of the behavior of the number density as a function of temperature on different values of
the number density at zero temperature. The number density as a function of temperature
behaves like a three dimensional free fermion gas as the number density at zero tempera-
ture approaches zero and it behaves like a two dimensional free fermion gas as the number
density at zero temperature approaches infinity. The number density at a fixed non-zero
value at zero temperature is a monotonically increasing function of temperature reaching a
finite value at infinite temperature. The function for any given non-zero value of density at
zero temperature smoothly interpolates between the two extremal behavior at zero numner
density and infinite number density at zero temperature.
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Appendix A: Some useful properties of r1(u, θ) and r2(u, θ)
We note that
r1(|u|, 0) = 0; r1
(
|u|,±pi
2
)
= ∓pi|u|
2
. (A1)
Using Riemann and Dirchlet zeta function formulas [29], we also note that
r2(|u|, 0) = u
2
2
+
∫ |u|
0
dx ln
(
1 + e−2x
)
; r2
(
|u|,±pi
2
)
=
u2
2
+
∫ |u|
0
dx ln
(
1− e−2x) . (A2)
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The derivatives of r1(|u|, θ) and r2(|u|, θ) with respect to |u| and θ are
∂r1(|u|, θ)
∂θ
= −∂r2(|u|, θ)
∂|u| = −
1
2
ln [2 (cosh(2u) + cos(2θ))] = d1(u, θ).
∂r1(|u|, θ)
∂|u| =
∂r2(|u|, θ)
∂θ
= − tan−1 (tanh |u| tan θ) = d2(|u|, θ). (A3)
Referring to the solutions as θn(µ), δn(µ) and un(µ) we compute expressions for the
derivative of δn with respect to µ. Noting that
∂|un|
∂µ
=
un
|un|
1
2T
(
1− ∂δn
∂µ
)
. (A4)
and referring to Eq. (16), we obtain
∂θn
∂µ
=
un
|un|
pid2
2T 2
[(
pi
T
− d1(|un|, θn)
)2
+ d22(|un|, θn)
] ;
∂δn
∂µ
= 1− pi
pi − Td1(|un|, θn) + T d
2
2(|un|,θn)
pi
T
−d1(|un|,θn)
. (A5)
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